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INTRODUCTION

This paper is a study of the approximation numbers and Kolmogoroff
diameters of diagonal mappings (primarily on the /,-spaces).

In Section 1, we make some remarks concerning the relationship betweenthe
approximation numbers and Kolmogoroff diameters of arbitrary operators. Of
special interest here is Theorem 1.2 and subsequent remarks that roughly
state that the approximation numbers and Kolmogoroff diameters are
surjectives of one another in the sense of Grothendieck [9, 10]. The most
important result in Section 1 is Theorem 1.8, which gives the exact values of

* Portions of this work appear in the dissertation of the first named author, written at
Louisiana State University under the direction of the third named author.

t Research supported in part by an NSF Science Development Grant to Louisiana State
University and by a Faculty Research Council Grant from the University of Southern
Mississippi.

* Research supported by NSF-GP-34193. Some of the material in this paper was presented
by the third author as part of an invited lecture at the NSF regional conference on approxi-
mation theory held at Kent State University, June 11-15, 1973.

48

Copyright © 1976 by Academic Press, Inc.
All rights of reproduction in any form reserved.



KOLMOGOROFF DIAMETERS 49

the approximation numbers and Kolmogoroff diameters for diagonal
mappings from I, to [, , 1 < p < co. Using 1.8, we show how to construct
operators whose Kolmogoroff diameters and approximation numbers
satisfy various growth conditions.

In Section 2, we compute exactly or give asymptotic estimates for the
approximation numbers and Kolmogoroff diameters of diagonal mappings
from I, to I,, 1 < p, g < oo, essentially completing a study initiated by
Pietsch [36, 37]. Section 2 also provides the calculations necessary for later
sections.

In Section 3, we consider some special kinds of Schauder bases in Banach
spaces. The principal result of this section is Theorem 3.4, which, in a certain
sense, is a generalization of a result of Marcus [26] concerning the so-called
H-operators. Using a previous construction of Morrell and Retherford [31]
we are able to show (Theorem 3.5) that there are always nontrivial subspaces
of infinite-dimensional Banach spaces that satisfy the hypotheses of 3.4.

In the final section, motivated by a classical result of Bernstein [1], we
introduce the concept of a Bernstein pair and prove that any pairing of
““classical” Banach spaces forms a Bernstein Pair.

Standard Concepts

All spaces considered are Banach spaces. By operator or mapping we mean
a bounded linear transformation. We denote by Z(E, F) the operators
from E to F and by K(E, F) the compact operators from E to F. Also by
Z(E, F) we denote the finite-rank operators from E to F and by F(E, F)
the closure of F(E, F) in Z(E, F). By an isomorphism, we mean an open,
one-to-one mapping. A projection P is a member of #(E, E) such that
P2 = P. If 4 is a subspace (i.e., closed linear subspace) of E, then A is
complemented in E if there is a projection P € £(E, E) with P(E) = A.

If {x,} C E, then by [x,] we denote the closed linear span of {x,} in E.

By a biorthogonal system (x;,f;) in E, we mean sequences (x;)CE,
(/) C E* such that

fulx)) = 8.

A Schauder basis for E is a biorthogonal system (x; , f,) such that for each
xeFE

> £ %0 = x.

convergence in the norm of E. A sequence (x,) C E is a basic sequence
if it is a basis for [x,]. A basis (x,,f;) is shrinking if (f,) is a basis for E’.
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For 1 << p < oo, we denote by /, the Banach space of scalar sequences
a = (a,) with

w 1/1, .
HaH:(Z{az-.ip), if 1<p<+oo,
i=1
=supla;|, if p= oo,

Also, by ¢, we denote the closed subspace of [, consisting of all null
sequences.

Let (x)CE, 1 <p < + o0, and let p’ be given by (1/p) + (1/p') = 1.
(Of course, for p = o, we understand p’ = 1 and for p = 1, p' = .)
We say that (x;) is e,~finite provided

€5(x) = sup §(z lf(xz-)l“’)l/p feEY|f] < 1

L \z=1
is finite.

Approximation Numbers and Kolmogoroff Diameters

Let 4,(F, F) denote the operators of rank at most n from E to F. Following
Pietsch [36, 37], we define the nth approximation number, o, (T), T € L(E, F),
as follows:

anT) = inf{l| T — A||: A € A(E, F)).

For a Banach space X, we let Uy denote the unit ball of X. Now, we recall
the definition of the nth Kolmogoroff diameter, d,(4), of a bounded set
A C X with respect to Uy (see [17, 18, 30])

d,(A4) = d,(A, Ux) = inflinffe > 0: L + eUxD 4}],

where the infimum is taken over all at most n-dimensional subspaces L of F.
For T e Z(E, F) we define the nth Kolmogoroff diameter of 7, d,(T)., by

dn(T) = n(TUE s UF)'

It is easy to see that d(T) = inf || T ||, where the infimum is over all quotient
maps q:F—> FJ/F,, where dim F, < n. Clearly, «,(7) is the value of
best linear approximation and 4,(7) is the value of best nonlinear approxi-
mation to T (in the sense of finite-rank operators). Also, it is clear that o, (7
and d,(T) are monotone decreasing sequences and that lim, o, (7) = 0
if and only if 7 e #(E, F) and lim,, 4,(T) = 0 if and only if T € K(E, F).

For a brief discussion of the algebraic and analytic properties of o, (T)
and d,(T), see [30]. For operators on Hilbert spaces the behavior of x,(T) =
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d.(T) has been extensively studied. Most of the results concerning these
characteristics are compiled in the book of Gohberg and Krein [8]. For
arbitrary Banach spaces there are few results. (See the remarks at the end of
the paper.) Two of the best references are the papers of Marcus and Macaev
[26, 27]; related results are also to be found in the classic Memoir of
Grothendieck, Part 2].

The Krein—Milman—Krasnoselskii Theorem

The following property, established by Krein, Milman, and Krasnoselskii
[20] is very useful in computing Kolmogoroff diameters:

Let M be an (n + 1)-dimensional subspace of a Banach space E. Then,
d(Us N M, Ug) = 1 for all k < n.

We give a short proof of the above property. Our proof is taken from the
monograph of Bessaga and Retherford [2]. A similar proof is given in [25].
For another proof, see Tihomirov [43].

First, we make the following observation. If <X, |> is a normed linear
space and M a finite-dimensional subspace of X, then for each ¢ > 0 there
is a norm | ' such that for each xe X

Lxl<Ix| <+ ollx]

and with respect to | |, the metric projection onto M is unique.

Indeed if dim M = n, choose f; - f,,, || f.|' = 1, biorthogonal to some
basis for M and let

x| =lx] + [n (z 1f;(x)12)1"2].
=1

The proof of the Krein, Milman, Krasnoselskii theorem now proceeds
as follows: The unit sphere S,,, of M, is homeomorphic to the Euclidean
sphere S™. If L is a k-dimensional subspace of E, introduce the norm described
above and let f(x) be the best approximation to x from L. Then, on S,,, f
is a well-defined continuous antipodal map and so by Borsuk’s antipodal
mapping theorem [45] there is an x;€Sy such that f(x,) =0, i.e.,
d{M N Ug, Up) = 1.

We will make use of the following form of the Krein, Milman, K rasnoselskii
theorem:

Let M, and M, be n-dimensional and (n + 1)-dimensional subspaces of
a normed linear space E. Then, there is a yo€ M, ., such that

d(yo, My) = inf{lly, — z| 1 z€ M} = ||y .

p-absolutely summing operators, nuclear operators, and maps of type I, :
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For a sequence (x,,) in a Banach space E we set

1/»
VolXn) = (Z | xp Hp) > if 1<p<4o

=sup|lx.ll, if p= co.

An operator T e Z(E, F) is p-absolutely summing [33-35] if there is a
constant C such that

yo(Tx;) < Cep(x,)

for all finite sets {x,}, in E.
A Te Z(E, F) is nuclear [9] provided that there are (f,) CE’, (y,)CF
such that

T = glfn ®yn and Y 1 falll pall < +oo.

n=1

Here, f,, & », denotes the rank one operator f, & y.(x) = fo(x) ¥, .

An operator T e Z(E, F)is of type I, [36, 37), if («,(T)) € I, , where («,(T))
is the sequence of approximation numbers of 7. These operators generalize
the classes o, of von Neumann—Schatten [46].

Diagonal operators

Let E and F be Banach spaces with Schauder bases (x,) and (y,), respec-
tively. An operator T € L(E, F) with Tx, = A,y,, where (1,) is some fixed
scalar sequence, is called a diagonal operator (with respect to (x,) and (y,)).
In this work, we will be primarily concerned with diagonal mappings from
I, to I, with respect to the usual unit vector bases of these spaces. Also,
we will assume that [ A, | > [ A, ] > ---. In our computations there will be
no loss of generality in making this assumption. We will make this precise
later. “T ~ (A,)” will mean “a diagonal map T corresponding to (A,).”
We will also call a mapping on /,, defined by coordinate-wise multiplication
a diagonal map.

The %,-spaces

In the final section of this paper, we will consider the .%,-spaces of [23, 24].
If E and F are isomorphic Banach spaces, the distance coefficient of E and F,
d(E, F, is given by

d(E, F) = inf || T} T,

where the infimum is over all isomorphisms from E onto F.
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LetA > 1and 1 < p < oo. A Banach space E is an %, ,-space if for each
finite-dimensional subspace F C E, there is a finite-dimensional subspace B
with F C B C E such that

dB,1,") <\, n=dimB,

the dimension of B. Here, [, is the space of n-tuples with the /,-norm.
Finally, a space is an %, -space if it is an %, ,-space for some A = 1 [23].
These spaces include and generalize the classical L,(S, 2, 1) spaces and the
C(K)-spaces.

We use the following result of [23]:

For 1 < p < o0 an Z,-space contains a complemented subspace isomorphic
tol,.

Local Reflexivity and the Approximation Property

We will also need the following result due to Lindenstrauss and Rosenthal
[24; see also 39] (the principle of local reflexivity): Let X be a Banach space
(regarded as a subspace of X"), let U and F be finite-dimensional subspaces
of X" and X', respectively, and let € > 0. Then, there is a one-to-one operator
T:U-— X with Tx = x for xe XN U, f(Te) = e(f) for ec U and feF
and | TIITH <1+ e

Finally, a Banach space E has the approximation property if F(F, E) =
K(F, E) for every Banach space F.

It is known [5, 6], that not every Banach space has the approximation
property. For numerous equivalent formulations of the approximation
property, see [9].

1. RELATIONSHIPS BETWEEN d,(7) AND a,(T)

Kadec and Snober [16], using a result of John [14], have shown that for
any n-dimensional subspace E, of a Banach space E, there is a projection
from F onto E, of norm at most #/2. Using this result, it is easy to strengthen
a result of Pietsch [36].

1.1. THEOREM. For any T € L(E, F) the following inequality is valid
d(T) < a(T) < 2+ 1)d(T),  for each n.

Proof. LetAe A (E,F)andd =||T — A|.If|| x| <1, Txe 88U - Ax
and so T(Uy) C8Ur + A(E), i.e., d(T) < o (T).
Now, suppose that T(U)CBUr+ L,, dimL,, <n. Let P,:F— L,
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be a projection with || P, || << n'/?and let 4,, = P, T. Then, since Tx = y -+ z,
where ye L, and || z|| < B for x e Ug, we have

[ Tx — Apx|l = (¥ + 2) — Po(y + 2)|| = | z — Py(2)!
< (1 4 n2) B,

Thus, 0, (7)) < || T — A4, || < (1 + #*?) B and since B was arbitrarily chosen
with the above property

oo(T) < (1 4 nV2) d(T).

Some remarks concerning Theorem 1.1 are in order. The best value,
p(n), for which
a(T) < p(n) di(T)

is not known. However, in general, p(n) cannot be replaced by a constant X,
independent of #. Indeed, Enflo [5], (see also Figiel [6]) has constructed a
Banach space that iacks the approximation property. Thus, for such a space
E, there exists a Banach space Fand a T € Z(F, E)such thatlim,_,_, d,(T) = 0
and lim,, «,(7) 5 0.

If Te #(E, F), E and F arbitrary Banach spaces, it is easy to see that

Ll_l’)l;lo d‘n(T) \<\ d(T, K(E’ F)) = lnf{[i T~ Sl[ :Se K(E’ F)} < d(T7 y(Ea F))
= inf{|| T — A|| : A € F(E, F)} = lim a,(T).

Thus, lim,, «,(7) = lim,, d,(T) for all T < K(F, E} and all F if and only if £
has the approximation property.

Even though d, and «, can behave as above, they are, of course, closely
related. Our next two results spell out this relationship.

1.2, TueoreM. For any Te X(l,, E), a,(T) = d,(T) for each n.

Proof. Suppose that T(U, ) C 8(Ug) + F, , dim F, < n. Let (e,) denote
the unit vector basis of /; . Then, Te, = év,, + x,, , where ||v,, || < 1 and
Xn €F,. Define 4:, - E by Ae, = x,,. Then, 4 is well-defined since
(x,.) is bounded. Thus,

| T— Al = sup|| Te, — Ae, || <3,

and since rank A < n we have o (T) < 4,(7).

Obviously, Theorem 1.2 extends to 4(I") domains for any set I Less
obvious is the fact that 1.2 also extends to L,(u) and to separable #;-spaces.
This follows from the remarks in [39] and the fact that L () spaces have the
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lifting property. We conjecture that for a .% ,-domain, we always obtain
an(T) < CQ) dn(T).

We remark that the conjecture is true for compact 7. Indeed, if E is an
&, y-space and S: E — F/F, is compact, then there is a number C(A) and an
operator S: E — F such that S is compact, Q,S = S and || S|l < CV) || S|
(see [24]). Thus, if T: E — F is compact, € > 0 and # > 1, choose F, C F,
dim F, < n such that || QyT|| < d(T) + €. Then, Q,7T is compact and so
has a compact lifting T with | 7| < CQ)|| Q,T|l. If 4 = T — T, then
O(T —T)=0and so T — T(x)eF,, ie., Rank T — T < n. Thus,

a(T) <HT —(T— Dl = | Tl < CA N QoT | < C(T) + €.

Our next result, an immediate corollary to Theorem 1.2, shows the
intimate relationship between d, and «, . It also points out the difficulty in
computing p(n) above.

1.3. CoroLLARY. Let E be a Banach space and q a metric surjection of
Ly(i) onto E. Then, for any T € L(E, F), d(T) = «,(Tq) for each n.

Proof. From the definition, it is clear that d,(T) = d.(79g).
Before proceeding to the next result, we recall that Pietsch has shown [36]
that every operator of type /, is nuclear.

1.4. CorROLLARY. For any € > 0, if lim,,, n®2td,(T) = O, then T is
of type I, (hence nuclear).

The result 1.4 is immediate from 1.1. Corollary 1.4 answers a question of
Mitiagin [28] and strengthens some results in [2, 38]. We now give an example
showing that there is no converse to Corollary 1.4.

1.5. ExampLE, Let A, = 1/n'/?{log n] and let D be the diagonal operator
from [, to I, given by De, = A,e, , where (e,) denotes the unit vector basis
in both /; and /, . To see that D is nuclear, observe that we have the following
factorization:

11\-———71

where i is the natural inclusion map and D, is the diagonal mapping on /,
corresponding to (A,). Since (A,)€l,, D, is a Hilbert-Schmidt operator
[36] and i is 1-absolutely summing [9]. Thus, by [9] (or [36]), D is nuclear.
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In the next section, we prove a result which computes d,(T) exactly. However,
for our present purposes, it suffices to show that «,(D) = (A, .1/(n + 1)1/2,
since by 1.3, d,(D) = «,(D) and we then have (n + 1)3%t<d, (D) >
(n + Dflog(n 4~ 1). To see that «,(D) > A,/(n + D2, observe that if 4
is any operator from /; to /, wirtllilrank A < n, then there is a vector ¢ = (¢,)

with §, =O0fori >n-+ 1, 3,0, | £ | = 1 such that A(§) = 0. Thus,

n+1 n+1 1/2
ID—A| = (D — A = (Z AR E 12)”2 > Ao | (z & JZ)

i=1

> Apaf(n + D1,

We now present some results that show considerably more than
Example 1.5. In the next section, we compute (or give asymptotic estimates
of) the approximation numbers of diagonal operators on arbitrary / -spaces.
But, since the techniques used to obtain the approximation numbers of
diagonals from /., to [, is so radically different from those employed in
Section 3, we give that result here.

We need two lemmas. The proof of the first lemma is immediate,

1.6. LEMMA. If P is an n-dimensional polytope in Fuclidean n-space, then
its boundary is the union of its (n — 1)-dimensional faces.

1.7. LeMMA. Let P be agn n-dimensional polytope in Euclidean n-space
and let V be a k-dimensional manifold, 1 <k <n.IfPNV s &, then there
is an (n — k)-dimensional face F of P such that FN\V # .

Proof. The proof is by induction. The result is obvious for n = 1, so
suppose the lemma holds for » — 1. By Lemma 1.6, PN ¥V 5= & implies
that there is an (n — 1)-dimensional face F; of P such that VNF, # &.
If U, denotes the affine manifold spanned by F,, then V' N V; is an affine
manifold of ¥; and the dimension of V' NV, = k — 1. Without loss of
generality, we can suppose that k > 1. Let U, be an affine manifold of
V' NV, of dimension k — 1 that intersects F;. Now, F, is an (n — 1)-
dimensional polytope and so by the induction hypothesis, there is an
(n — 1) — (k — 1) = (n — k)-dimensional face F of F; suchthat FN ¥, # &.
But F is also an (n — k)-dimensional face of Pand FN V % .

Now we can prove the main result of this section. This result improves
the result [37] of Pietsch.

1.8. THEOREM. Let 1 <p < oo and let T:l,— 1, or co— 1, be a
diagonal map (a,) — (A\a”), where A\, = Ay 7= -+, Then, o (T) = d(T) =
(Zzik-H [ A; [PYM? for each k.
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Proof. 1t is clear that for 7 to be well defined, (A,) €/l,. Also,
al(T) < (Trpa | A |P)1/? for any k by considering the kth truncation of T.

To prove the opposite inequality, let A: /, — I, be an arbitrary operator
of rank <k, say 4 = ZLl f; @y, . Then,

© k 1/»
H T— Al = sup (Z ‘ )‘nxn - Z <xafj> Yin ;p) s
=1

11 \p1
where y; = (y;n) €/, and x = (x,) € l,. Let m > k and let
V={xel,:{xfy= forl <j<k}.

Then, ¥V is a subspace of /,” of dimension >>m — k that intersects the unit
ball of /.. By Lemma 1.7, ¥ intersects a k-dimensional face of the unit
ball of I.,™. Thus, there exists x € [,™ with || x|| = 1 and indices #; ,..., lj_s ,
1 < i; < m for each j, such that | x;, | =1 for 1 <j << m— k. Consider
# = (x;)€l, ,where x; = 0 for i > m + 1 and agrees with x e /.,™ above,
for i << m. Then

k

(5 1wt = 2 o) = (S 1) = (mz—k )
n=1 ; J=1

7=1 n=1

(5 "

i=k+1

Since A and m were arbitrary we conclude that

) = (210 7) "

k+1

To see that di(T) = (Trsa | A |?)V/? and hence, equal to ax(7), one only has
to apply the Krein—Milman-Krasnoselskii theorem and proceed as above.

From 1.8 we obtain as a corollary the following unpublished result of
Macaev (attributed by Marcus {26]).

1.9. COROLLARY. Let (B,) be an I, sequence with 8, = Bp.1 = 0. Let K
denote the set of all elements (a,) €, such that | a, | < b,, for each n. Then,

d(K) = (i1 Ba)-

Proof. Observe that K = T(U,_ ), where T is the diagonal determined by
(Bn).

Using 1.8, it is now easy to construct a nuclear operator 7 with
a(T) = d,(T) tending to 0 as slowly as we please.
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1.10. ExaMPLE. Let (A,) be a positive sequence monotonically tending
to 0 and let B, = A, — A,y . Define 7:1, — [ by T(x) = (B,x.). Then,
T is nuclear and d(T) = o, (T) = A, for each n.

Proof. The operator T is clearly a lattice bounded (in the natural order
of 1) operator and hence, [9] nuclear. By 1.8,

dn(T) = &n(T) = Z ;Bi = /\n+1 -
n41
The existence of such an operator 7 is mentioned without proof by Marcus
[26].

2. DIAGONAL OPERATORS ON THE /,-SPACES

In this section, we compute the approximation numbers of diagonal
mapping between the /,-spaces. Before proceeding to our results, we make
some comments concerning Theorem 1.8 that also pertain to all of the results
in this section.

Suppose that T: [, — [, is a diagonal mapping corresponding toasequence
(A,) where (A,) is not necessarily monotone. Let 2Z(n) denote the collection
of all subsets of the positive integers consisting of exactly n elements. Then,

a,(T) = Inf

(;I)\Z|P)I/D:i¢02:er(n). *

I

For this reason, we can assume that always, (An) is monotone decreasing
in all succeeding calculations. (The modification of (*) in all cases will be
apparent.) The proof of (*) follows from the proof of 1.8 and the calculation
in [36].

We begin this section by computing the approximation numbers of the
natural injections I: [, — [, , where 1 <{p < g < 0.

2.1. THEOREM. For I' I, — I, , d(I) = } for every n.

Proof. To show that o,(T) < 4 for all n, it suffices to show that o;(7) < 1.
Let ¢ =(3,%,4,..)el, and let A:], — I, be the rank one operator
A(x)) = (i x:) e for (x)el,. Then, |1 — A = sup; (I — A) €; ]l =
sup; || e; — €yl = §. Thus, a(I) < 3.

Now, suppose that o(l) << 4 for some k. Let ¢ > 0 be such that
a(I) < + — e and choose an operator A4: /; — I, of rank at most k such that
NI— A| < a(I) + €¢/2 <3 — ¢/2. Then

sup ‘I([ - A) e, Hn <3 — 6/2

LOf—
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If de, = (a,j)jil el, , then Ae, € B(A), where
B(4) = {yeA(): |yl < A}
Since A has finite rank, B(A) is relatively compact. Now, for each i we have
L —a,; | < 1/2 — €2 and ta,, <1/2 —¢/2 forj = i.
Thus, if i = n,

H Aez ~—A€n Hco = Sup[alj - am] = ‘azi Aani!
7
> (12 + 2] — [12 — ¢f2]) = e,

Thus, (4e;) C B(4) has no convergent subsequence. Thus, «,(I) == 1/2 for
each n.
On the other hand, it is obvious that «,(J) = d,(J) = 1 for J the natural
injection I, —> ¢, . Since J* = I, we see that, in general, o, (7) % o, (T*).
In view of 2.1 the next result is somewhat surprising.

2.2. THEOREM. If 1 <p << o and I'l,— [, is the natural injection
operator, then a(I) = 1 for all k.

Proof. Clearly, «,(I) < 1 for all k. If a,(I) < 1 for some k, choose ¢ > 0
and an operator 4: /, — I, of rank at most k such that{! 7 — A || <1 — ¢/2.
We can represent A in the following fashion:

.
A=Y f,®y,, where fiel, (I/p+1/p'=1) and (3)Cl..

=1

By the choice of A4, we have
sup |(/ — A) el < |1 — A <1—¢/2.
7

If y; = (.5) then

k
‘1~Z<e,.,fi>yﬁ <1—¢2 forallj.

i=1

Thus,

k
z |<e] a/;>[ < E/zM, for allj,

=1

where M = max;<,<i || ;| - Since f, €[, , there exists an index j, such that

o 1/p’
(Z |<ej.f,\1p') " ekM.  for 1 ik

=1
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In particular, [<e;. , f;>| < ¢/2kM, for all i, 1 < i < k. Thus,

20 < Y Ker Sl < k - (e2kM) = ¢f2M.

=1

This contradiction shows that a,(Z) > 1 for all .
Our next result shows that, in general, «,(T) 5= d(T).

2.3. THEOREM. Letl < p < o and I: I, — 1, the natural injection. Then,
d(I) = 27Y/? for all n.

Proof. Let 1 <p <o and I:l,—1,. We use the formulation
d,(I) = inf{|| QrI|: F is an n-dimensional subspace of [, and Q : [, — I,/F
the canonical quotient map}. Let ¢, = (1,1, 1,...) e/, and Fy = [e,]. If
£el,, || €ll, = 1, choose N so that | §; | < e for all i > N. We can assume
that £; # Oforalli < N. Let | £, | = max,y | € |and | €y | = miny | £ |
and 6, = 1/2(§, + £x). Now

I Ol = HZIIII:DIH O || = Sup d(£, F).

éllp=1

For the above &,

d¢, Fp) <sup | & — & | <max{l& — 818} + ¢
<max{| 8 || & — &1} + e

by choice of §, (since | £y — 8¢ | = | & — 8, |)-
Let g(x) = | x| + (1 — ] x |?)V/*. Then, the absolute maximum of g is
2/21/7, Thus,

dé, F)) <max{[8,|, |61 — 8} +e=12max{| & + &I, | & — énl} + €
SI12(00 61+ 1én ) + e <1/2- 2217 4 e

Since ¢ was arbitrary, SUpyej <1 d(¢, Fy) < 127, Equality occurs at
& = (1)2v/7, —1/20/7, 0, 0, 0,..) € l,, (ie., d(&,F)= 1/21/2) Thus,
d(I) < supy¢ < d(§, Fo) = 1/247. To see thatd,(I) = supy <1 d(¢, Fy)
for each n, observe that

inf{|| Q4I}: dim F = n, FC I} = inf{|| Q¢I||: diim G = n

and G is equidistant from (e;);.; C I°} = supyy , (¢, F,) = 1/21/7.

2.4. THEOREM. If 1 < p < q < oo and I: |, — 1, is the natural injection,
then ou(I) = 1 for all k.



KOLMOGOROFF DIAMETERS 61

Proof. For the moment, let I,: /. — [, denote the natural injection.
Letl < p << g < -+ 0. Then, I, = I,/ and so
1 = a(ly) = a(lf) < | Ll uld) = (1)

for each k. That «,(I) < 1 is clear in this case.

If p = 1 and o (I) < 1 for some k, choose e > 0 and an 4: /;, — [, of rank
at most k such that|| I — A|| <1 — ¢/2. Let B(A) = {xe A(l\):|| x Hq <4l
Then, B(A) is relatively compact and de, = (a;;)7_; € B(4). Let (,)]*1 C B(4)
be an ¢/10-net for B(A). If y; = (yy,);2; , then there is an index j, such that
o 3o | Yus 91 < €/10 for each i, i = 1,..., m. Also, for each i, there is an
lndex m(l) such that (ZJ 1 | Ay — Ym()i ]q)l/q =] Ae; — V(i) Na < €/10

Thus,
© 1/q /4
(Z [ a;; |q) (Z ! Ay — VmG)s | ) (Z ‘ym(l)f )

=14 j=jgy =l

< €[5, for each i.

Hence, | a,; | << €/5 for each i and each j = j; . Since
12 > suplll = A)erfl = (11— aulo+ 3 a, 1) "
? =1
J¥L

we have | 1 — a;; | << 1 — ¢/2 for all i. Thus, for i = j,, we obtain
I —¢/5<1—a, <I1—¢2.

This absurdity shows that o (T) > 1 for each k.

2.5. COROLLARY (TO THE PROOF). For 1 < p < q < + o and for all n,
d(I) = 1.

We now begin computing the approximation numbers of diagonal
operators on /,-spaces. Again, we must consider different cases depending
on the relation between p and ¢. We first remark that Johnson in his thesis
[15] has shown (replacing polytopes in 1.8 by suitable normal hulls in Kothe
sequence spaces [19]) the following:

2.6. THEOREM. If | < q <p < «© and T:1, — 1, is a diagonal operator
determined by (A,), then

[ee]

an(T):( T p\L!r)w, where

I=k+1

%,

~ |-
==
o
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For a diagonal mapping T from /, to I,, T ~ (A,), it is well known (see,
e.g., [28, 30)) that d(T) = a(T) = Apyq .

Unfortunately, we have been unable to compute exactly the approximation
numbers of a diagonal from /° to I4, 1 < p < ¢ <{ . We give asymptotic
estimates below that, in a sense, are the best possible. We first state an elemen-
tary lemma whose proof is immediate using the simplex method.

2.7. LemMA. Let (A,) be a decreasing sequence and 1 <r < co. If
bn = sup{pnsy : 2 = 1, Ay = Agpaptine}, then

n+1 ~1/r
A Iy I
i=1
28. THeorem. If T:L — 1, is a diagonal, T ~ (A\)r,, then
Er A < a(T) < min(h/2, Ayya) for each k.

Proof. LetS:l, —1I,, S5 ~ (A). Then, we have

11__T____,]m
L

Thus, a(T) = ou(IS) < (1) a5 4(S) = $Ac.
On the other hand, if S: /, — /; corresponds to (i,), where (u,) satisfies
the hypotheses of 2.7, then we have

L1, and Pt = (ST) < an(D) || S| = (7).

k+1

Thus, by 2.7, «(T) > (X2 A7)
29. THEOREM. If 1 < p < q < 0 and T ~ (A,), then (Xi AL <
ai(T) < Ao for each k. Here, 1/r + 1)q = 1/p.

Proof. The left-hand inequality follows from 2.7 as above. The right-hand
inequality is immediate by considering the kth truncation of 7.

Let us again remark that the above estimates are the best asymptotic
estimates possible. Indeed, the injection /; — I, shows that the right-hand
side can be attained. On the other hand, it is easy to see that if I, denotes
the natural injection of L(n) — I.(n), then o, ,(I,) = 1/n. Let A, =1,
i<n, M;=0fori>nand T=15L—1,, T~ (). Then o, ,(T) = 1/n,
which is the left-hand side of 2.8.

Thus, in general, o, (7T) == A,., . Indeed, we will now calculate the exact
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value of ay(T) = d(T) for T:1, —1I,, a diagonal corresponding to a

decreasing null sequence. For this, we need two lemmas. The first is com-
binatorial in nature.

2.10. LeMMA. For fixed k and n = k + 1, if (A} are scalars satisfying

AL oAy o = A, > Ay = 0, then there is a unique integer I, k + 1 <
i < n such that

/ ¢ 1,2
A > ((i — k)/z /\;2) > Apaq -
=1

Proof. If nosuch integer exists, then, since (n — k)/3,_ A2 >0 = A4,
we must have

n n—1
)\n2<(n~k)/z ATE or 1+ A2 Y AP <n—k.
=1 J=1
Since the lemma is assumed not to hold, we must have
9 n_l 2
X <n—D—ifY A
J=1
and as above, this leads to
X < —2—h/Y A2
=1
Continuing in this manner, we eventually obtain
. T+l
¥ <(k+1) =Ry X
=1

or 1 + A7, Z;‘;l A% < 1. Thus, such an 7 exists. Now, suppose that the
lemma holds for some integer s, & 4+ 1 <{ s <{ n with, say

2 1.2
(D] B A
1=1 J

> (s — k)/z A% A
J=1

Thus,

@) (i — ks —k > Z )\j‘z/i AR
J=1 =1

640/16/1-5
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But
R R RO CE YO
=1
implies

5 Az/«s—n/(s—k»zr

=41

and so —3;_; 7% < (k — i)/(s — k) 3;_1 A;% Then, from (*) above, we
obtain

Z A = ((l—k)/(s—k))z/\ Py A
=1
Thus, the integer i satisfying the lemma is unique.

2.11. LEMMA. Let T, : l(n) — l(n) be defined by T,e, = Xe; for each
i with (\)_, as in Lemma 2.10. Then

‘ k 1/2
ol T) = inf ’I}](a’)'( /\z [1 - Z sz'l] PXp = (xm,) € 12(”)

with (Xy , x,) = S,y for | < m, n < k). Here (. ) denotes the usual inner
product on l(n).

Proof. Let (%, denote the right-hand side of the above expression. Let
e >0 and 4¢ Ak(ll(n) Iz(n)) for k < n If H = A(l(n)), then H = [x,],
where (x,, x,) = §,,,{ < k. Thus,

1Ty — Al = max (T, — A) e, | = max| de, — de,|.

If x, = (x,);1, then d(Ae; , HY = A1 — 22;1 x;:J1/2 for each i and so

NT, — Al = maxz\ [l — Z v,z], ie.,

=1
a(T) = ,, , foreach k < n

Now, let (x;) C L(n) be such that (x;, x;) = 8,;;, 1 <1, j <k, where
Xx; = (x”)] .. Let H={[x,] and let P:lLn)— H be the projection
Z, _1(x,, e) x,. Then,

1/2
dhe, , H) = || Ae, — Ple, || = A, [1 -y x}z{] foreachi, 1 <i < n.

=1
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Let I: I,(n) — Iy(n) be the natural injection and define S: L(n) — l(n) by
Se, = Ae;, 1 < i < n. Thus, PSI: li(n) is of rank k and

|\ T, — PSIjj = max |(T, — PSI)e,'l,.
i—n
max H Ajej PAje) 1i2 >
J=n

= max d(A]L’] > H)s
i<in

k 1/2
= max A [1 - X v]] :
= m=1
and so o (T,) < Oy .
Observe that (7, = inf{max,c, A,[1 — 4;]¥%: 4,€]0,1] for i <{n and
i, A, = 1} = inf{max,c, A,BY*: B,e[0,11 and ¥, B, =n—k =
infoc <, {max[A, BY2,..., A,BY? X,.,], B, €0, 1] with ¥, B, = r — k}.

2.12. THEOREM. For fixed integers k,n, k + 1 < n, there is a unique
integer r(k, n), k + 1 << r(k, n) < n such that

r(k.n) 1/2
) = [t o) T 2|
=1

where T, is as in Lemma 2.11.

Indeed, choose r = r(k, n) as in Lemma 2.10. Using the remark following
the proof of 2.11, Theorem 2.12 follows. Now, observe that if 7'is a diagonal
map I, — I, corresponding to a monotonically decreasing null sequence,
then T = lim, T, , where T, = TP, and P, : [, — I)(n) is the canonical
projection. Since | a(T) — o (S)| < a (T — S) for any T and S, we have
a(T) = lim, ., ay(T,) for each k. Using this remark and Theorem 2.12,
one can compute d,(T) = o,(T) for such 7.

2.13. ExampLE. Let T:/, — 1, be given by Te, = i"'/%,;. Using
Theorem 2.12, it is easy to show that «,(7) = 1/(2n -+ 1)*/2 for each n.

Since the approximation numbers and Kolmogoroff diameters are homo-
geneous, we can summarize (and generalize) our results 2.1-2.5 as follows:

2.14. THEOREM. Suppose that (A,) is an increasing sequence with limit A.
Then:

O If -1, T~ d(T)= a(T)= A2 for all n; and
if Tl —> ¢y, dfT) = a,(T) = A for all n;
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@) fT:l,—~1L,,p>1, ayT)=A for all n and d(T) = A - 271/
Jor all n;

i) f 1 <p<qg<w and T:1,—1,, then d(T) = 2 (T) =
Jor all n.

We end this section with a few remarks concerning the relationships
between p-absolutely summing, nuclear, and type /,-operators. Pietsch [36]
has shown that the composition of three 1-absolutely summing operators
is of type /, . Example 1.5 shows that this result of Pietsch is the best possible;
for, the operator of Example 1.5 is the composition of two 1-absolutely
summing operators, but not of type /, .

If Tis of type /,, p > |, not much can be said about 7 other than the
obvious fact that 7 is compact. Indeed, if p > 2, choose (A,) €/,\/; with
[ A, | = | Aisq . Construct the diagonal T/, - I, corresponding to (A,).
Then, T is of type /, and yet T is not g-absolutely summing for any value of
g. Indeed, if T were g-absolutely summing for some value of ¢, then 7" would
be Hilbert-Schmidt, hence, of type /, [36]. But «(T) = | Ayy | and (A,) ¢/, .

3. H-OPERATORS AND €,-FINITE BASES

In Section I, we considered the relationships between the approximation
numbers and Kolmogoroff diameters of arbitrary operators between Banach
spaces. Of course, as seen in Section 2, by placing restrictions on the operators
better estimates can be given. Indeed, when one considers 7€ #(E, E), the
techniques of spectral theory are available and theorems, analogous to
results on Hilbert space [8, 26, 27] can be obtained. Markus [26] has proved
the following beautiful result relating the eigenvalues, Kolmogoroff diameters
and approximation numbers of H-operators. An operator T acting on a
Banach space E is an H-operator if its spectrum is real and its resolvent
satisfies

(T — ANt < ClImA[™t  (ImA = 0).
Here, of course, C is independent of the points of the resolvent. We point
out that an operator on a Hilbert space is an H-operator with constant C = 1

if and only if it is a self-adjoint operator.
Now, we state the result of Marcus.

3.1. THEOREM. If T is a compact H-operator on a Banach space E, then
Jor each n

dn(T) § O‘n(T) < 2(21/2) [ An«Ll(T)" < SC(C + 1) dn(T)-
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Here, (A\(T)) denotes the sequence of eigenvalues of T numbered in order of
decreasing modulus and taking into account their multiplicity and C is the
constant occurring in the definition above.

In a certain sense, the diagonal elements (A,) of a diagonal basis map
e, — A,u, share some of the properties of eigenvalues. Thus, we are led to
a generalization of Theorem 3.1 to diagonal mappings between certain types
of bases.

We say that a basis (x,) for a Banach space E is e,-finite provided
€,(x,) < -+ o0 (see the Introduction). In the termtnology of Grothendieck
[11], an € -finite basis is a basis that is weakly p-summable.

Tt is clear from Holder’s inequality that if 1/p + 1/p" = 1 and (f,) C E,
(v)eF, €,(f)) <+ and €,(y,) < + o, then (f, ® »,) < -+ 0.

3.2. PropOSITION. If (f,) and (»,) are as above and (A,) is a null sequence,
then T = Y. Aif. @ y, defines a compact operator from E to F.

Proof. For any N, |y Afi @yl < maxpsy | A [ e(f, @) and
this latter expression tends to 0 as N tends to oo, Thus, T e #(E, F).
Now, we can prove the main result of this section.

3.3. THEOREM. Let T be a diagonal basis mapping e, — Au, , where
(en . fn) and (u, , g,) are bases for E and F, respectively, and ()\,,) is a mono-
tonically decreasing null sequence A, == 0. Suppose that €(g, ® e,) and
&(f, ® u,) are finite. Then, we have

[el(gn @ en)]\l An+1 < dn(T) < an(T) < [el(fn ® un)] /\n+1 .
Proof. For each integer n, let 7, denote the restriction on 7 to [e, ,..., ¢,].
Then, T, is invertible and T;'u, = A %¢, for i = 1, 2...., n. Thus,

p— &y f
" Tnl“ = sup jH Z A1 1gz(y) €, H : "‘ Y H =1, ye [u] "n]z
It =1 n

< A;t‘lsl(gz, ® ez) < ()\;}LIGI( & @ ez)-

Now, let F, be an arbitrary n-dimensional subspace in F. By the remark
after the proof of the Krein-Milman~Krasnoselskii theorem, thereisa y # 0
infuy ..., 4, 1] such thatd(y, F,) = |! y||. Let x = T,y and suppose, without
loss of generality, that |} x || = 1. Then,

Ay, F) =y Z 1T, 7 = Aala(s, ®@e)] ™
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Also,

- An+1i

Z AfAwir f, @ u,

t=n+1

i i At ®u,

t=n+1

< )\n+151(fz ® u,).

an(T) <

At fitst glance, Theorem 3.3 appears hard to apply. Indeed, if (x,.f,)
is a basis for a Banach space £ with 0 < inf, || x, || < sup, |l x, || < + o
and e,(x,) < -+ 00, e(f;) < + oo, then (x,) is equivalent to the unit vector
basis of /,, i.e., E is isomorphic to /, under an isomorphism. ¢(x,) = e,.
However, by relaxing the conditions of 3.3 slightly, we obtain a result valid
for certain subspaces of arbitrary Banach spaces.

From the proof in [31], it is not difficult to obtain the following result.

3.4. THEOREM. Let E be an infinite-dimensional Banach space, € > 0,
and (a;) a null sequence with 0 << a, << 1 for each i. Then, there is a basic
sequence (x,) in E with coefficient functionals (f,) in [x,1* such that

I —essmin ([ xp i, [ fo ) < max (| x, [ 1/ 1) <14 ¢

with e)(a,x,) = el(a,f,) = 1.

To see how 3.4 applies to 3.3, consider the following: Let (A,) be a mono-
tinically decreasing null sequence with 0 < A, << 1. For € > 0, choose
8, > 0 such that AL #n < (1 4 ¢€) A, (possible since A;> > 1) and such that
lim, 8, | log A, | = 0. Let a, = X** and b, = AL*x. Then, (a,), (b,) € ¢, by
the choice of 8, and 0 < a,, << I. Thus, if

T= 2: bnj; C).yn-
n=1

where (x,,f,) and (y,,g, are basic sequences satisfying 3.4, then
T =3, baXa,f,) ® (a,y,) and so (as in the proof of Theorem 3.3) we
obtain

Appy = @hiibps < do(T) < an(T) < bn+1a;-2+1 <A+ A, .

Thus, it is possible to construct an operator T on certain infinite-
dimensional subspaces of arbitrary Banach spaces E and F analogous to the
compact H-operators, in the sense of the conclusion of Theorem 3.1. We will
make use of this result and the technique of [317 in the next section.
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4. BERNSTEIN PAIRS

Motivation for this section is the following classical result of Bernstein
(see, e.g., [4]).

4.1. THEOREM. Let E be a Banach space and let (x,) be a linearly inde-
pendent sequence of elements of E. Given an arbitrary positive monotonically
decreasing null sequence (b,,), there is an x, € E such that d(x, , [¥, ...., x,]) = b,
for each n.

This leads to the following definition.

4.2. DeriNITION.  Two Banach spaces E and F are said to form a Bernstein
pair if for any positive monotonic null sequence (b,,) there is a T e #(E, F)
and a constant M, depending only on 7 and (b,,), such that b, < a,(T) < Mb,
for all n. We say that («,(7)) is equivalent to (3,). We write <E, F" is a
Bernstein pair.

Some remarks concerning Definition 4.2 are in order.

In general, if {E, F is a Bernstein pair, there are no equivalent norms on
E and F such that &,(T) = B, . (Here, &,(7T) denotes the nth approximation
number of 7 with respect to given norms.)

Indeed, suppose that || || and | | are equivalent norms on E and F, respec-
tively, say
Lyl il << Ly | e f] and Klyl<lyi<Kly!

for all xe E, y e F. Then,

sup [(T — A)x | < LKy  sup [(T — A)x !,

HESU: flall<y
ie., 8,(T) < LiK3 o (T). Similarly, &,(T) = LyKi o (T), for all T € Z(E, F).
Since <{FE, F) is a Bernstein pair, there is a M > 0 and T such that
b, < o, (T) < Mb, , where (b,) is a preassigned null sequence. Thus, the
inequalities yield

K, <Ky, Ly<L, LK'>1 LK< M"

and so K; << MK, or K; < M~'K;, i.e., M < 1. From the definition
M =1, thus, M = 1.

4.3. Remark. Itisclear from 4.1 that by choosing any sequence of linearly
independent rank one operators in Z(E, F), E and F arbitrary and any nult
sequence (b,) as above, that there is an infinite rank T, such that

a(Ty) < b, .
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Thus, it is conceivable that any two infinite-dimensional Banach space
E and F form a Bernstein pair. It would be of considerable interest to know,
e.g., if <E, E> is a Bernstein pair for any infinite-dimensional Banach space E.
Of special interest in this case would be to assertain when the operator 7
could be chosen to be an H-operator (it would be, of course, compact).

4.4. Remark. Let E and F be arbitrary infinite-dimensional Banach
spaces. Then, there are infinite-dimensional spaces £, and F;, in £ and F,
respectively, such that (E, , F> is a Bernstein pair. Moreover, the operator 7
satisfying the definition for (E,, £;> can be chosen to be an H-operator.

The proof of 4.5 is immediate from 3.4. Indeed, for ¢ > 0, the spaces
E, and F, can be chosen to have Schauder bases and the M accuring in
Definition 4.2 can be taken to be (1 + €). The operator Te Z(E,. E,)
constructed in 3.4 will be an H-operator [26].

4.5. Remark. If E=E, @FE, and F=F, @ F, and <{E, ,F,> is a
Bernstein pair for i = 1 or 2 then (E, F> is a Bernstein pair.

Proof. Without loss of generality, suppose that (E;, F;> is a Bernstein
pair. Let Te #(E, . F,) be such that 8, << o (T) < MB,, .

Let T = TP, e #(E, F), where P, is the projection from £ onto E, .
Also, let O, be the projection of F onto F,. Then, o (T) = o (TP)) <
| Pyl an(T).

For € > 0 let A be an operator of rank at most #, such that || T — 4 || <
a(T) + € and let B = .4, , where A, is the restriction of 4 to E, . Then,

I T—Bi = sup (T — QuA)(x)| = sup | 0T — Q14,0
Nl FER!
reEy reEy

SN OMIT — Al 1O (aT) + €.
But a,(7) <| T — B|. Thus,

[ Q117 B <101 77 an(T) < a(T) <N Pyl a(T) < || Py | MB,
i.e., <E, F> is a Bernstein pair.
4.6. Remark. 1f E has a Schauder basis, then (E, E) is a Bernstein pair.

Proof. 1f A, "\ 0, then the operator 7 = S ASn @ X, , where {x, , f>
is a basis for E, is a compact H-operator [26], with the sequence (},) as
eigenvalues. The result follows from Theorem 4.1.

In particular, if E is a separable .Z,-space 1 <X p < oo, then {E, E) is
a Bernstein pair. Indeed, every separable %, -space has a basis [39].

Next, we consider the relationship between the approximation numbers of
an operator 7 and its adjoint 7°. It is obvious from the definition that
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a(T') < a(T). By considering the injection /; — ¢, we see that strict
inequality can occur. Now, we show that, for certain operators, equality is
always obtained.

4.7. THEOREM. Let E and F be Banach spaces and let T € F(E, F). Then,
o(T) = o, (T’) for every n. (In particular, if F has the approximation property,
equality holds for all compact operators.

(Hutton has recently observed that 4.7 is valid for arbitrary compact
operators.)

Proof. let S: E” — F be a finite-rank operator and let j: F — F” be the
canonical mapping. Let B.(S) = inf{||.S — A4||: A: E” — F, rank A4 < k.
Choose, for € > 0, A, : E” — F" such that || jS — A, ||pr < ax(JS) + €. Let
G be the subspace spanned by jS(E") U A,(E"). By the principle of local
reflexivity there is an operator ¢: G — Fsuchthat|| ¢|| = L[| 1| < 1 + ¢
and ¢ restricted to G N jF is the identity. Consider ¢A,: E”"— F. If
Il x”{" < 1, we have

WS — @A) X" p = || @iSX" — @AX" l[p < |1jSX" — Apx" |5~
and so
1S — @dill < oq(jS) + 6 ie, Bu(S) < x(4S).

Since TeZF(E,F), T": E" — jF and there are finite-rank operators
S, e L(E", jF) such that lim, || S, — T"|| = 0. For € > 0, choose N so that
I T" =S, < €2 if n2=N. Since |B(T") — Bu(Sy)l <I'T"— S, |, we
obtain

Br(j7'T") < B(i™'Sn) + €/2,  forn = N.

And from the above, we obtain
BTy < Be(J1T") < Bi(J71S0) + €/2 < a(S,) + €/2.

It follows that
Bi(T") < o (T).

Clearly, o, (T) << B(T"). Thus,
al(T) < BUT") < o (T") < (T") < (7).
As an immediate corollary to Theorem 4.7, we obtain the following fact
concerning Bernstein pairs.
4.8. COROLLARY. Suppose that {F', E" is a Bernstein pair, then, {(E", F">
is a Bernstein pair. If (E, F is a Bernstein pair so is {F', E">.

Our goal is to show that the ““classical” Banach spaces form Bernstein
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pairs. More precisely, we wish to show that if £ is an .#,-space and F and
Z,-space, in the sense of Lindenstrauss and Pelczynski, then (E, F  is a
Bernstein pair. The idea of the proof of this fact is to reduce the problem to
the /,-spaces. It will become apparent that the main obstruction to doing
this is the lack of suitable structure theorems for %, -spaces.

4.9. THEOREM. Let E be [, or ¢, and F one of the spaces [,, 1 < p < 0.
Then {E, F and {F', E"> are Bernstein pairs.

Proof. The result is immediate from Theorems 1.8 and 4.7. If 8, "\ 0,
let A, = (B," — B5,)"V/" and let T be the diagonal mapping corresponding
to (A,).

The above result is also valid of the roles of E and F are interchanged.
To prove this, we need the following lemma. We recall that a basis (x, , f,)
is shrinking if (f,) is a basis for E.

4.1. LEMMA. Suppose that E is reflexive or E' is separable and F has a
shrinking Schauder basis. Then, if {E,F™ is a Bernstein pair, so is {E, F).

Proof. Let B, 0 be given and let T: £ — F” be such that (a, (7))
is equivalent to (8,). Also, let S, denote the nth partial sum operator asso-
ciated with some shrinking basis for F. By the principle of local reflexivity
there are mappings

0. SyNTE)—~F,  with | Q,ll=1,

Il 071 || < 2for all n with Q,, the identity on §¥*(TE) N jF. Since E is reflexive,
the sequence ([Q,SF*T1*) clusters in the weak operator topology to a
bounded operator S*: F'— E'. We claim that (x(S)) ~ (a¢(7)). To see
this, observe that since each «, is pointwise continuous we have a,(S) <
im0 SUP 0 (@ SE¥T) < Ko (T). where K = sup,, || S, ||. For the opposite
inequality, for € > 0 choose B: F— F such that rank B < n and
on(S) > || S — B|l — €. Then,

xp(S) 4+ € >|1.S — B|j = lim inf sup || Q,SF*Tx — Bxi|
E

m—x xre
[fall=1
> lim inf sup || 0,57 Tx — Q.S *jBx1|
m—x ”JﬁE
rii=1

> L lim inf|| S¥*T — S¥*T — S¥*iB||

= 3T —jBll = $x.(T).
The proof for E’ separable is essentially the same since, in this case, the

unit ball of E’ is w*-sequentially compact. (In the preceding, j denotes the
canonical map from F — F**, Since the basis is shrinking, || S¥*7T || — || T|\.
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Indeed, S,* — I, the identity, in the strong operator topology and the
result follows.)

4.11. CorOLLARY. For | < p < oo, {l,,¢cy> is a Bernstein pair. Thus,
for this range of p, <l , 1> is a Bernstein pair.

Proof. The space ¢, has a shrinking basis and so the result is immediate
from 4.10.

Clearly, {/,, [.> is a Bernstein pair. Indeed /,, contains /, isometrically and
the natural diagonal suffices. That </, , 1,,> is a Bernstein pair for 1 < p < o
now follows from 4.7.

The extreme case {/; , ¢,> requires a separate argument.

4.12. THEOREM. The couple {l, , ¢, forms a Bernstein pair.
Proof. Write I, = (®l(n)), and find u{™ ec, such that for each n,
[u™ - u{”] = G, is isometric to /(n) and define, for £, \ 0,
T: (® Il(”))l e (@ Gn)o C (’0 Ll by
T() = T(E™) =Y, ( )3 ﬁf"’fi"’ul").
n =1

Here, (£,) € [, and (B,) are “blocked’ according to the above decomposition.
If n, is such that n, <k < m,,, then

[T ) ) x n
Z Bink gink uf"“) + Z Z Bfn)gfn)ugn)

A+ n=np, 41 =1

a(T) < sup
IH(g,)1<1

< B Sup Z (BilBir) €| == Bryy -

19][5e R

For the opposite ine}gliahty, if A =1 — c, has rank <k, then there are
& - €y such that 37 1€ | = 1and A(§) = 0, where £, = 0fori >k 4 1.
Thus,

(| T— A =1 TE} =

;l (LZI BE 1) ,,Zﬂﬁ(n")fwuz

~ max (Z | BrE™ |, Z | Bl gl |)

=1 41

] k41 k+1

= Z LB.E. | = (Brn/2) Z &1 = Brn/2,

i.e., <, ¢o» is a Bernstein pair.
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4.13. THEOREM. If1 < p, q < o, then {l,, 1> is a Bernstein pair.

Proof. The proof follows from 4.10 since /, has a shrinking basis for
1 < g < . Also, the estimates of 2.9 are not good enough to prove that
Iy, 1> is a Bernstein pair for p << ¢. However, a modification of the idea
of 3.4 yields an alternate proof. We write /, = (©hL(v,)), ., I, = (®h(,)),
where v,, = n(n - 1)/2. This is possible by [49]. Again, using the technique
of [31, Theorem 3.7], we obtain that <{/, . /,, is a Bernstein pair.

Now, we must consider %, -domains and %, -ranges. We first show that
the problems reduce to the separable case.

4.14. LEMMA. Suppose that E, is embedded in E such that E, is comple-
mented in E". Then, there is a A == | such that for any F and T € K(F, E;)

o(T) < A, (iT), for all n.
Here, i denotes the embedding map.

Proof. By 4.7, we have o, (T) = a,(T") = a,(PiI"T") < || P| x,(i"T") =
| Pl &, (iT).

Always, «,(iT) < a,(T) and so under the hypotheses of 4.14 we have
that («,(7)) and («,(iT)) are equivalent.

4.15. COROLLARY. The lemma is satisfied for E,C E both ¥, -space.

The corollary follows since the bidual of an %, -space is injective [23]. Now,
every ., -space contains a separable .¥, subspace and this yields our result
for &£, -ranges, i.e., if (F, E> is a Bernstein pair for all separable .Z, -spaces,
then {F, E> i1s a Bernstein pair for all £, -spaces.

Next we show that we need only consider separable .Z,.-domains.

4.15. LEMMA. Suppose that E, is a seprable £, -subspace of an £,.-space E.
If (E,, F> is a Bernstein pair, so is {E, F ».

Proof. Let T: E, — F such that («,(7)) is equivalent to (8,). Since £,
is injective, there is a projection P: E” — E; . Since T is compact, 7" maps
E” into JF, the canonical image of Fin F”. Let Q denote the restriction of P
to E and let S = J-1T"Q. Since S extends 7, x,(S) = a,(7). On the other
hand, a,(S) < || J W @l an(T") = || Q|| 2,(T). the last inequality by 4.7,
i.e., (2,(8S)) is equivalent to (x,(7)).

Now, we wish to reduce the problem to ¢,. We recall the following fact,
which is immediate from Stegall’s local selection theorem [52] (see also [24]).

4.16. LEmma. If E is a separable L-space, then there is a quotient map
g: E — ¢, and a projection P: E' — I* such that Pq’ is the identity on I'.
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4.17. THEOREM. Let E be a separable £,.-space. If {c,, F - is a Bernstein
pair, then {E, F> is a Bernstein pair.

Proof. Let T:c¢,— F be such that (a,(7)) is equivalent to (8,). Let
T: E — F be defined by T = Tg where ¢ is the special quotient mapping
of 4.16. Then, by 4.7, a(T)= o (T') = x (Pg'T) <||Plag'T) =
Pl an(Tg) < | Pl g i an(T), ie.. ((ankT)) is equivalent to ((x,(T))).

To handle the case of separable ., -ranges we must recall three facts.
The first is a remark of Pelczynski, the second and third are deep results of
Stegall {52] and Stegall and Hagler [51].

4.18. Remark. 1. If Y is a subspace of X and Y is isomorphic to Z,
then there is an X isomorphic to X and containing Z isometrically.

2. The following statements are equivalent:
(a) There is a @ from E onto F such that @'(F’) is complemented
in E'.
(b) For any Banach space X, I ® D: #(X, E) - F(X, F) is onto.
3. If E is a separable .Z, -space, then either £’ is isomorphic to /* or /,
is isomorphic to a subspace of E (actually ((PI.7), is a subspace of E).

We can now prove the desired result.

4.19. THEOREM. For | < p < o, {,, E - is a Bernstein pair for any
separable &£ -space E.

Proof. We distinguish two cases.

1. £’ is isomorphic to /*: In this case E has a shrinking basis [39].
Thus, by 4.10, </, , E is a Bernstein pair for | < p < .

To prove that {/; , E, is a Bernstein pair in this case, we proceed as follows.
Let @: E — ¢, be the special metric surjection (which exists by the remarks
above) and let 7: /; — be an operator obtained from Theorem 4.12.
Since /, has the lifting property, there is an operator 7: 1, — E such that
OT = T. Thus, ap(T) < | @1 an(T) = an(T). Also by 1.2, a(T) = d(T) =
d(DT) = d(T) = «,(T) and 4.19 follows for E’ isomorphic to /.

2. [, is isomorphic to a subspace of E.
In this case, we can suppose, by the remarks above, that /, is isometrically
isomorphic to a subspace of E. By Theorem 4.9, </, , [;> is a Bernstein pair.
Let 7: /1, — /, be an operator with («,(T)) equivalent to (5,). Let I be the
isometry of /; — E. We claim that I7 has approximation numbers equivalent
to (B,). First, observe that «,(IT) < a,(T) = «(T"). But T:1, >, is a
diagonal map and so by 1.8, «,(7") = d,(T’). Thus, we have

0, (IT) < ay(T') = d(T') = dT'I') < a(T'1") = o, (IT).
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Thus, (a,(IT)) is equivalent to (a,(T)). (The equality d(T") = d(T'I')
follows since I’ is a metric surjection.

We have only the extreme case {F, , E,> with both E,, E, %.-spaces,
to consider. By 4.17 and the remark after 4.15, we can suppose that E; = ¢,
and E, is separable.

4.20. THEOREM. If E is a separable ¥, -space, then {c,, E) is a Bernstein
pair.

Proof. Again, we distinguish two cases:
1. E’is isomorphic to /. Since E’ is separable, E has a shrinking basis
[39] and the result follows from 4.10.
2. ['is a subspace E. Let T: ¢, — I, be an operator corresponding to
(B,). The argument now proceeds as in case 2 of 4.19.

Combining the above results we finally obtain the main result.

4.20. THEOREM. Let E be an ¥ ,-space and F an ¥-space 1 < p, g < + .
Then, {E, F> is a Bernstein pair.

We prove a final result that gives a sufficient condition for two Banach
spaces E and F to form a Bernstein pair. The hypotheses may be satisfied
by arbitrary Banach spaces, but we have been unable to prove this.

We first introduce some notation.

Let ¢ = (p,) be a linearly independent sequence in a Banach space E
and let B = (B,) be a positive, monotonically decreasing null sequence.
Then, for each » let

(g, B) = {x € E:d(x, [p1 ;... @a]) < B}

4.21. Remark. Vet E and F be Banach spaces and 8 = (8,) a null
sequence as above. Suppose that there is a linearly independent sequence
¥ = (¢,) in F and a linearly independent sequence of rank one operators
¢ = (@,)in Z(E, F)and a T € X(gp, B) such that

T(Ug)2 2(4, B).
Then, {E, F) is a Bernstein pair.

Proof. First, observe that for any linearly independent sequence x = (x,),

di(2(x, B)) = B -
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Indeed, d.(Z(x, B)) < d(x, [x;,.... Xz)) < B, for any xel(x.B). Also,
if A, = B(Ug N [Xy .., Xnyq]) and x € 4, , then for m = 1, 2,..., n,

A(x, (X1 0o X)) < x| < By < Bms and  d(x, [x1 ..., x0]) = 0,
ifm > n, ie., A, C2(x, B).

By the Krein—-Milman-Krasnoselskii theorem, we have B, = d,(4,).
Thus, 8, = d.(4,) < d(2(x, B)) < B, for each n.
By hypothesis, we thus have

d(T) = B, .

On the other hand, T € XZ(¢, 8) and since lim, 8, = 0, T € [g,]. Since the
¢, are all rank one operators, we thus have

an(T) < d(T’ [¢1 ERRES] (Pn]) < ﬁn .

Thus, 8, < d(T) < a,(T) < B, and {E, F) is a Bernstein pair.

We remark that the fact that d,(Z(¢, B)) = B, is well known. Indeed,
the sets Z( ¢, B) have been called “full approximation sets” by Kolmogoroff
and have been studied in some detail (see, e.g., [25]).

5. CONCLUDING REMARKS

Since preparing this paper, we have received a preprint from Pietsch [47].
In his paper, Pietsch develops an axiomatic theory of s-numbers. A few
remarks concerning his paper are in order. We recall that Gohberg and Krein
[8] define the s-numbers of a bounded linear operator on Hilbert space as
the eigenvalues of (77%*)/2. The approximation numbers and Kolmogoroff
diameters generalize this concept to operators between arbitrary Banach
spaces. Thus, Pietsch was led to develop a very general theory of s-numbers.
More specifically, let £ denote the ideal of all bounded linear operators
between Banach spaces and / the class of all non-negative sequences. A
map s: & — A such that

(M) 1Tl =S(T) = S(T) = -,

(2) Su(S+T)<SAS)+ITI,

(3) SARST) <[ R{SASI TIl

(4) rank T < »implies S,(7) = 0, and
(5) dim E > nimplies S,(Iz) = 1,

is called a sequence of s-numbers for the operator 7.
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This definition is a true generalization of the s-numbers of operators on
Hilbert spaces as the following result of Pietsch shows: If T is a compact
operator on a Hilbert space and S any sequence of s-numbers for T then S,(T)
is the (n + 1)-eigenvalue of (TT*)'/% 1t is interesting that the sequence of
approximation numbers («,(7)) form the largest (under coordinatewise
ordering) s-numbers. The fact was also observed by Pietsch.

We conclude by mentioning the overlaps of [47] with our paper. Pietsch
has observed that our Theorems 1.1 and 1.2 and the result of Johnson
(Theorem 2.7) are valid. He also mentions that Solomjak and Tichomirov
[48] have obtained a version of our Theorem 2.12. We have been unable to
obtain paper [48] for comparison.

From the remarks in [47] it appears that our proof is much easier than that
of [48].

Also, Pietsch has observed that even for operators 7: F — F with
dim E < -+ oo, it is possible that d,(T) # d,(T"). Thus, there is no analog
of 4.7 for Kolmogoroff diameters. In particular, if one considers the notion
of a Bernstein pair for Kolmogoroff diameters instead of approximation
numbers, there is, at present, no way to obtain results similar to those of
Chapter 4.

ACKNOWLEDGMENT

The authors would like to thank Professors A. Lazar and Y. Gordon for many helpful
suggestions.

REFERENCES

—_—

. S. BERNSTEIN, “Lecons sur les propriétés extrémales,” Paris, 1926.

2. C. BessaGa AND J. R. RETHERFORD, Lectures on nuclear spaces, Louisiana State
University, revision to appear.

3. C. BESSAGA, A. PELCZYNSKI, AND S. ROLEWITZ, On diametrical approximative dimen-
sion and linear homogeneity of F-spaces, Bull. Acad. Polon. Sci. 9 (1961), 677-683.

4, P. J. Davrs, “Interpolation and Approximation,” Blaisdell, New York, 1965.

5. P. ENFLO, A counterexample to the approximation property, Acta Math, 13 (1973),
308-317.

6. T. FiGIeL, Some more counterexamples to the approximation property, to appear.

7. D. J. H. GARLING, Lattice bounding, radonifying and absolutely summing mappings,
Math. Proc. Camb. Philos. Soc. 77 (1975), 327-333.

8. 1. C. GouserG AND M. G. KrEIN, “Introduction to the Theory of Linear Nonself-
adjoint Operators,” Vol. 18, Amer. Math. Soc. Transl. of Math. Monographs.

9. A. GROTHENDIECK, Produits tensoriels topologiques et éspaces nucléaires, Mem.
Amer. Math. Soc., No. 16 (1955).

10. A. GROETHENDIECK, Résumé de la théorie métrique des produits tensoriels topolo-

giques, Bol. Soc. Math. Saé Paulo. 8 (1953), 1-7.



11

12.

13.

14.

15.
16.

17.

18.

19.

20.

21.

22.
23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

34,

3s.

36

64

KOLMOGOROFF DIAMETERS 79

. A. GROTHENDIECK, Sur certaines classes de suites dans les espaces de Banach et la
théorrme de Dvoretzky-Rogers, Bol. Soc. Mat. Sad Paulo. 8 (1953), 81-110.

J. R. Horus, Tensor product bases and tensor diagonals, Trans. Amer. Math. Soc.
15 (1970), 563-579.

J. R. Horus, Diagonal nuclear maps in sequence spaces, Math. Ann. 191 (1971),
326-332.

F. Jorn, “Extremum problems with inequalities as subsidiary conditions,” Courant
Ann. Vol., pp. 186-204. Interscience, New York, 1948,

15. P. Jounson, Thesis, University of Michigan, 1973.

M. KADEC AND S. SNOBAR, Certain functions on the Minkowski compactum, Mat.
Zametki 10 (1971), 453-457, Math. Notes 19 (1971), 694-696.

A. N. KoLMOGOROFF, On linear dimension of topological vector spaces, Dokl. Akad.
Nauk. SSSR 120 (1958), 239-241.

A. N. KoLMOGOROFF AND V. M. TIHOMIROV, e-entropy and e-capacity of sets in func-
tion spaces, Uspeki Mat. Nauk. 14 (1959), 3-86.

G. KotHg, “Linear topological spaces,” (English Transl.), Springer-Verlag, Berlin/
Heidelberg, 1970.

M. G. KrEIN, D. P. MiLMAN, AND M. A. KrRASNOSELSKII, On defect numbers of linear
operators in Banach spaces and some geometric problems, Dokl. Akad. Nauk USSR
11 (1948), 97-112.

S. KwAPIEN, On a theorem of L. Schwartz and its application to absolutely summing
operators, Studia Math. 38 (1970), 193-201.

D. Lewis aND Y. GorDON, Diagonal mappings on /,-spaces, to appear.

J. LINDENSTRAUSS AND A. PELCZYNSKI, Absolutely summing operators in % ,-spaces
and their applications, Studia Math. 29 (1968), 275-326.

J. LINDENSTRAUSS AND H. P. ROSENTHAL, The Z,-spaces, Israel J. Math. 7 (1969),
325-349.

G. G. LorentZ, “Approximation of Functions,” Holt, Reinhart and Winston, New
York, 1966.

A. S. Marcus, Some criteria for the completeness of a system of root vectors of a
linear operator in a Banach space, Transl. Amer. Math. Soc. 85 (1969), 51-91.

A. S. Marcus AND V. 1. Macaev, Analogs of weyl inequalities and the trace theorem
in Banach spaces, Soviet Math. Dokl. (1972), 299-312.

B. S. MrTiaGIN, Approximative dimension and bases in nuclear spaces, Uspehi. Math.
Nauk. 16 (1961), 63-132.

B. S. MiTiaGIN anND G. M. HenkiN, Inequalities between various n-diameters, Trudy
seminar on functional analysis, Voronex Vyp. 7 (1963), 97-103, Izd-vo VGU.

B. S. MiT1aGIN AND A, PeLczynski, Nuclear operators and approximative dimension,
Proc. Internat. Math. Congress (1966), 366-375.

J. S. MorreLL AND J. R. RETHERFORD, p-trivial Banach spaces, Studia Math. 43
(1972), 1-25.

A. Perczynski, A characterization of Hilbert-Schmidt operators, Studia Math.
28 (1967), 355-360.

A. PERSSON AND A. PIETsSCH, p-nukleare und p-integrale Abbildungen in Banachriumen,
Studia Math. 33 (1969), 19-62.

A. PierscH, Absolut-p-summierende Abbildungen in normierten Riumen, Studia
Math. 28 (1967), 333-353.

A. PIETSCH, Absolutely p-summing operators in % -spaces. I, II, Seminaire Goulaouic—
Schwartz 1970-71, June, 1971.

. A. PierscH, “Nukleare lokalkonvexe Riume,” Academie-Verlag, Berlin, 1965.

o/16/1-6



80

37.
38.
39.
40.
41.
42,
43.
4.
45.
46.
47.

48.

49.
50.

51

52.

HUTTON, MORRELL AND RETHERFORD

A. PetscH, Einige neue Klassen von kompakten linear Abbildungen, Rev. Math.
Pure Appl. (Bucharest), 8 (1963), 423-447.

S. RoLewrrz, “Metric Linear Spaces, Monografie Matematyczne,” Polish Scientific
Publishers, Warsaw, 1972,

H. RosentHAL, M. ZipPIN, AND W. JOHNsSON, On bases, finite-dimensional decom-
positions and weaker structures in Banach spaces, Israel J. Math. 9 (1971), 488-506.
R. ScHATTEN, “A theory of Cross Spaces,” Ann. of Math. Studies, No. 26, Princeton,
1950.

L. ScuwarTz, Applications p-radonifiantes et théorrme de dualité, Studia Math.
38 (1970), 203-213.

L. ScawaRrTZ, Un théoreme de dualité pour les applications radonifiantes, C. R. Acad.
Sci. Paris 268 (1969), 1410-1413.

V. M. TiHoMIROV, Diameters of sets in function spaces and the theory of best approxi-
mations, Uspehi Mat. Nauk. 15 (1960), No. 3 (93), 81-120, No. 6 (96), 226.

A. Tong, Diagonal nuclear operators on /,-spaces, Trans. Amer. Math. Soc. 143
(1969), 235-247.

K. Borsuk, Drei Sitze iiber die n-dimensional euklidische Sphére, Fund. Math. 20
(1933), 177.

R. ScHATTEN, “Norm Ideals of Completely Continuous Operators,” Springer Verlag
Berlin/Gottingen/Heidelberg, 1960.

A. PierscH, s-numbers of bounded linear operators, to appear.

M. Z. SoLoMIAK AND A. M. TiCHOMIROV, Some geometric characteristics of the im-
bedding map from W, into C, Izv. Vyss. Uéebn. Zaved. Matematica. 10 (1967),
76-82.

A. PeLczYNsKI, Projections in certain Banach spaces, Studia Math. 19 (1966), 209-228.
C. V. HurroN, J. S. MoRReLL, AND J. R, RETHERFORD, Approximation numbers and
Kolmogoroff diameters of Bounded Linear Operators, Bull. Amer. Math. Soc. 80
(1974), 462-466.

C. STEGALL AND J. HAGLER, Banach spaces whose duals contain complemented sub-
spaces isomorphic to C[0, 1],* to appear.

C. STEGALL, Banach spaces whose duals contain /,(I") with applications to the study
of dual L,(u) spaces, Trans. Amer. Math. Soc. 176 (1973), 463-477.



